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KERNELS OF REPRESENTATIONS OF SEMISIMPLE 
DRINFELD DOUBLES 

SEBASTIAN BURCIU 



Abstract. A description for kernels of representations of semisim- 
q | pie Drinfeld doubles D(A) is given. Using this we also obtain a 

^" . description of all normal Hopf subalgebras of D(A). As an appli- 

cation, kernels of irreducible representations of D(G) are computed 
and shown that they are all normal Hopf subalgebras of D(G). 



Introduction 

Let A be a semisimple Hopf algebra and D(A) be its Drinfeld dou- 
ble. It is well known that the category Kep(D(A)) of representations 
D(A) is a modular category [1] and is braided equivalent to the cen- 
ter Z(Rep(A)) of the tensor category Rep (A). The Drinfeld doubles 
D(A) play a very important role in the classification of semisimple Hopf 

£? ■ algebras. 

00 ■ In this paper we will give a description of the kernels of the repre- 

sentations of D(A). This will allow us to obtain a description of the 
normal Hopf subalgebras of D(A) in terms of normal Hopf subalgebras 
of A and A*. 



Recently the author introduced in [3] the notion of kernel of a rep- 
resentation of a semisimple Hopf algebra. It was proven that if the 
character of the representation is central in the dual Hopf algebra then 
the kernel is a normal Hopf subalgebra. It is not known whether the 
kernel is in general a normal Hopf subalgebra. In this paper we prove 
that in the case D(G), of a Drinfeld double of a finite group G, all 
representation kernels are normal Hopf subalgebras of D(G). 

Fusion subcategories of the category Rep (-D(Cr)) of a finite group G 
were recently studied in [13J. They are parameterized in terms of a pair 
of commuting subgroups of G and a G-invariant bicharacter defined 
on their product. The main ingredient used in [13] is the notion of 
centralizer for a fusion subcategory introduced in [TUJ. In this paper 
we will identify from the above mentioned parametrization all fusion 
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2 SEBASTIAN BURCIU 

subcategory of Rep(-D(G)) that are of the form Rep(D(G)//L) where 
L is a normal Hopf subalgebra of D(G). They correspond to those 
bicharacters from [13] satisfying a stronger condition than that of G- 
invariance. 

The paper is organized as follows. The first section recalls few basic 
results on Hopf algebras and the kernels of their characters that are 
needed in the paper. 

The second section is concerned with fusion subcategories of Rep (A) 
for a semisimple Hopf algebra A. Theorem 12.31 gives a necessary and 
sufficient condition for such a category to be normal (i.e of the form 
Rep(A//L) for some normal Hopf subalgebra L of A). A description of 
the commutator subcategory Rep(74//L) co is given in Proposition 12.41 

Next section studies kernels of representations of Drinfeld doubles 
D(A). The key idea is to use a lemma from [1] concerning fusion 
subcategories of a products of two fusion categories. This lemma can 
be regarded as a quantum analogue of Goursat's lemma for groups. A 
description of normal Hopf subalgebras of D(A) is also given in terms 
of normal Hopf subalgebras of A and A*. Two general examples are 
also considered in this section. 

The last two sections are concerned with the special case D(G), 
of Drinfeld doubles of finite groups. Some basic results from group 
representations that are needed are recalled in the first section. A basis 
for central characters in D(G) is also given here. In the last section 
the parametrization from [13] of fusion subcategories of Rep(-D(C7)) is 
recalled. This section gives a description of all normal Hopf subalgebras 
of D(G) and shows that the kernel of any character of D(G) is normal. 

We work over the algebraic closed field C. For a vector space V 
by \V\ is denoted the dimension dimc^. We use Sweedler's notation 
A(x) = ^2x± £g> X2 for comultiplication. All the other Hopf notations 
are those used in [11] . 

1. Preliminaries 

1.1. Notations. Let A be a finite dimensional semisimple Hopf alge- 
bra over C. Then A is also cosemisimple [8]. The character ring C(A) 
of A is a semisimple subalgebra of A* [T7] and it has a vector space 
basis given by the set Irr(v4) of irreducible characters of A. Moreover, 
C(A) = Cocom(yl*), the space of cocommutative elements of A*. By 
duality, the character ring of A* is a semisimple subalgebra of A and 
C(A*) = Cocom(A). If M is an A- module with character x then M* is 
also an A- module with character x* — X°S- This induces an involution 
" * " : C(A) -» C(A) on C(A). Let m A (x, fj) be the multiplicity form 
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on C(A). For d G Irr(A*) denote by Cd the simple subcoalgebra of A 
whose character as ^-module equals d [7]. Denote by t A the integral 
in A* with t A (l) = \A\. It is known that t A is also the regular character 
of A llll. 



1.2. Kernels of characters for semisimple Hopf algebras. Let M 

be a representation of A which affords the character \. Define ker A (x) 
as the set of all irreducible characters d G Irr(v4*) which act as the 
scalar e(d) on M. Then Proposition 1. 2 of [3] implies that 

ker A ( X ) = {d G Irr(A*)\ X (d) = e(d) X (l)}. 

Similarly let z A (x) De the the set of all irreducible characters d G 
Irr(A*) which act as a scalar ae(d) on M, where a is a root of unity. 
Then from the same proposition it follows 

z A ( X ) = {dehr(A*)\ \x(d)\ = e(d) X (l)}. 

Clearly ker A (x) C z A (x). 

Since the sets ker A (x) and z A (x) are closed under multiplication and 
" * " they generate Hopf subalgebras of A denoted by A x and Z A (x), 
respectively (see [3]). 

Remark 1.1. 

Suppose that K is a Hopf subalgebra of a semisimple Hopf algebra A 
via i \ K <-¥ A. The restriction functor from A-modules to i^-modules 
induces a map res : C(A) — > C(K). It is easy to see that res = i*\c(A), 
the restriction of the dual map i* : A* — > K* to the subalgebra of 
characters C(A) C A*. 

2. Fusion subcategories of Rep(A) 

2.1. Fusion categories and their universal gradings. In this sub- 
section we recall few facts on fusion categories from [6] and [I]. 

Let C be a fusion subcategory. Let 0{C) be its set of simple objects 
considered up to isomorphism. Recall that C ad is defined as the fusion 
subcategory of C containing X ® X* for each simple object X of C. 

A grading of a fusion category C by a group G is a map deg : 0(C) — > 
G with the following property: for any simple objects X,Y,Z G C 
such that X ®Y contains Z one has deg(Z) = deg(X)deg(F) . This 
corresponds to a decomposition C = © g6 cC 5 , where C g C C is the full 
additive subcategory generated by simple objects of degree g. The 
subcategory C\ corresponding to g = 1 is a fusion subcategory; it is 
called the trivial component of the grading. A grading is said to be 
trivial if C\ = C. It is said to be faithful if the map deg : 0(C) — > G 
is surjective. For any fusion category C, as explained in Sect. 3.2 of 
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[6], there is a notion of universal grading whose group is called the 
universal grading group and it is denoted by U c . Its trivial component 
is the fusion subcategory C ad . The following Lemma appears in [I]. 

Lemma 2.1. Let C be a fusion category and 

C = ®geU c Cg 

be its universal grading. There is a one-to-one correspondence between 
fusion subcategories V C C containing C ad and subgroups G C Uc, 
namely 

D^G v :={geU e \T>nC g ^O} 

and 

G^V G : = ® geG C g . 

Let A be a semisimple Hopf algebra. It is known that Rep (A) is a 
fusion category. Moreover there is a maximal central Hopf subalgebra 
K(A) of A such that Rep(A) ad = Rep(A//K(A)), see ©. Since K(A) 
is commutative it follows that K(A) = k[U A ]* where U A is the universal 
grading group of Rep(v4). For example if A = kG then K(A) = kZ(G) 

and U A = Z{G\ the linear dual group of the center Z{G) of G. 

Let V be a fusion subcategory of Rep(A) and 0{V) be its set of 
objects. Then I v := nveo(v)A-rmA{V) is a Hopf ideal in A [14J and 
V = Rep(A/I v ). For a fusion category V C Rep (A) define its regular 
character as r v := J2 x &rr(v) dira c (X)xx where Itt(V) is the set of 
irreducible objects of V and xx is the character of X as A-module. 
Thus r v e C{A). 

Remark 2.2. Let B be a normal Hopf subalgebra of a semisimple Hopf 
A and x a character of A affording the representation M x . Then M x 
is a representation of A//B if and only if A x D B. 

Theorem 2.3. Let A be a finite dimensional semisimple Hopf algebra 
and V be a fusion subcategory ofKep(A). Then T> = Rep(A//L) for 
some normal Hopf subalgebra L of A if and only if the regular character 
r_ of T> is central in A* . In this case L = A . 

Proof. If T> = Kep(A/ /L) then by Theorem 2.4 of [3] it follows that r v 
is an integral of (A/ /L)*. Since this is a normal Hopf subalgebra of A*, 
it follows from Lemma 1 of [S] that r v is central in A*. Conversely, if 
r v is central in A* then by Proposition 3.3 of [3] it follows that A r is a 
normal Hopf subalgebra of A. Since r 2 = [D\r v the same Proposition 
implies that V = Rep(A//A r ) □ 
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2.2. The commutator subcategory. Recall that the notion of com- 
mutator subcategory from [6J. If D is a fusion subcategory of C then 
V co is the full abelian subcategory of C generated by those objects X 
such that X®X* G 0(V). 

In this subsection we will describe the category Rep(A/ /L) co for L 
a normal Hopf subalgebra of A. For a,b G A define [a, b] = ab — ba the 
usual commutator. Then for L a Hopf subalgebra of A let [A, L] be 
the ideal generated by [a, I] with a G A and I G L. 

Proposition 2.4. Let L be a normal Hopf subalgebra of A. Then [A, L] 
is a Hopf ideal of A and 

(2.5) Rep(A//L) co = Rep(A/[A, L\) 

Proof. To see that [A, L] is a Hopf ideal note that 

A([a, I]) = y^ aih <S> 02^2 ~ /, ^iQi ® ^Q2 

= y^(aili - JiOi) <g> a 2 / 2 + ^ /iai <g> (a 2 / 2 - ^2) 

Now consider M a.n irreducible A/ [A, L]-module affording the character 
X G C(A). Since (la).m = (al).m for all a G A, I G L and m G 
M it follows that left multiplication by / on M is a morphism of A- 
module. Schur's Lemma implies that each / G L acts by a scalar 
on M. Thus x I = x(l)'*/' f° r some linear character ip of L. Then 

Conversely suppose that M <8> M* is a trivial L-module for an irre- 
ducible A-module. Let A = I M © Ann A (M) be the decomposition of A 
in two-sided ideals where I M is the minimal ideal in A corresponding of 
M. It is well known (see [16] for example) that the minimal ideal I M in 
A corresponding of M satisfies Im — M ® M* where I M is regarded as 
A-module by the adjoint action. Therefore I1XSI2 = e(l)x for all x G I M 
and I G L. Then Ix = {hxS(l2))h — x ^ f° r a h x £ I M anc ^ ^ ^ -^- Then 
(la — al)m = for all a G A. Indeed if a G Ann A (M) this is clear since 
(la).m = (al).m = 0. On the other hand if a G I M then al — la = 
and thus (al — la).m = 0. This shows that M G Kep(A/[A, L}). □ 

Definition 2.6. Lei L be a normal Hopf subalgebra of A. An ir- 
reducible character a of L is called A-stable if there is a character 
X G Rep(v4) such that X i L = ^m a - Such a character x is said to seat 
over a. 

Denote by G st (L) the set of all A-stable linear characters of L. 

Lemma 2.7. Let M be an irreducible module of A affording a character 
X- Then M G 0(Rep(A/ / L) co ) if and only if L acts trivially on some 
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tensor power M® n of M. In these conditions X i L = xWV' f or some 
A-stable linear character ip of L. 



Proof. Suppose that L acts trivially on some tensor power M® n of M. 
This means that \ n Ia = xiX) ne L- Let 

X i L = 5Z maCy 

aSlrr(L) 

for some nonnegative integers m a and 

oSlrr(L) 

for some nonnegative integers n a . Recall that m L (e L , a(3) > if and 
only if a = j3* . Since x n i L = x(l)™ e L this implies that X i L = fm a 

1 A V /1 \n — 1 

and x n ~ i L = a(i) a * ^ or a fi xe d character a. It follows by counting 

the multiplicity of e L in x n i L that a(l) = 1. Thus a is an A-stable 
linear character of L. . 

Conversely suppose that M e (D(Rep(A/ / L) co ) and let 

X i L = Y. a eivr(K) m a a - Since m L ( e L' a P*) = $*,/8, counting the mul- 
tiplicity of e L in x i L X* 4 L implies that X i L = xiX) a f° r a -L-linear 
character a. If n is the order of a in G(L*) then clearly \ n i — x{^-) ne L 
which shows that L acts trivially on M® n D 

By duality it follows that the subcategory Rep(L*) co of Rep (A*) has 
a similar description as in Proposition 12.41 

3. Kernels of characters of representations of Drinfeld 

DOUBLES 

The Drinfeld double D(A) of A is defined as follows: D(A) = A* co p® 
A as coalgebras and multiplication is given by 

(g tx h){f X I) = ^2g{h ->■ f *- £~%) M h 2 l. 

Its antipode is given by S(f M h) = S~ 1 (h)S(f). 

It is known that Rep{D(A)*) = Rep(A*) rev E Rep {A) since D(A) is 
a cocycle twist of A* cop ®A. It is also known that D(A) is a semisimple 
Hopf algebra if and only if A is a semisimple Hopf algebra [11] . 



3.1. Fusion subcategories of direct products of categories. Let 

C 1 and C 2 be two fusion categories. Identify them with the correspond- 
ing fusion subcategories of C l MC 2 given by C^l and ISC 2 respectively. 
Then every simple object of C 1 Kl C 2 is of the form X\ M X 2 where Xj 
is a simple object of C\ 
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Let £> C C 1 K C 2 be a fusion subcategory. Define C\V) := V n 
C\ i = 1,2. Let also /C 1 (P) be the fusion subcategory generated by 
all simple objects X\ of C 1 such that X\ IX] X 2 G Z> for some simple 
object X 2 of C 2 . Similarly define the fusion subcategory K?(T>). Clearly 

The following Lemma is taken from [I]. 

Lemma 3.1. Let T> dC l MC 2 be a fusion subcategory. Then there is 
a group X and faithful X -gradings IC^V) = ® x &xK> l (D)x with trivial 
components L l {T>), i = 1,2 such that 

(3.2) V = ® xeX K l {V) x MK 2 {V) x . 
Proof. First, let us show that 

(3.3) V D K\V) ad H K 2 (V) ad = (!C\V) H /C 2 (X?)) ad , 

where K. l (V) ad denotes the adjoint subcategory of 10(V). To prove 
this, note that if Xi IE] X 2 is an object of C\ El C 2 that is also in 0(T>) 
then (Xi g> X*) El (X 2 <g> X*) G P. Since X ® X* contains the unit 
object it follows that (X x ®i;)lleD and 1 B (X 2 ® X 2 *) G P. 
Therefore 

(3.4) 1C(V) ad ciC(V) fori = 1,2. 

But /^(X?) Ki£ 2 (£>) C £>, so Equation E3] implies equation E3J Now 
let [/ . be the universal grading group of JCi(T>). By Equation 13.31 
and Lemma [2.11 

V = ® ie v{K}{V)MK 2 {V)) 1 

for some subgroup V G U^^^ = U Kl(p) X tf^. 

By the definition of K. l {V), the subgroup T G U x x U 2 has 
the following property: the maps T -» U Kl and T — >■ U 2 are 
surjective. Goursat's lemma for groups (see [15]) implies that T equals 
the fiber product U r x x U 2 for some group X equipped with 
epimorphisms U i — > X, i = 1, 2. These epimorphisms define faithful 

Af-gradings of fC l (V) such that Equation 13. 2l holds. Formula l3.2l implies 
that C l {V) := VnC 1 equals the trivial component of the Af-grading of 
K\V). U 

The following remark is straightforward. 

Remark 3.5. Let C be a fusion category and C = © gS G C g be a faithful 
grading of C. For any object X g G C g one has X® n G C\ where n > 1 
is the order of g G G. Indeed Cf n C C g n = C\. 

Remark 3.6. 
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If a is an irreducible A-stable character of L then formulae from [2] 
shows that in this situation 

where ^4 a is the set of all irreducible characters x of A that seat over 
a. Also if t A//i e (A//L)* is the integral on A//L with * A//i (l) = j^f 
it follows from Theorem 4.3 of [2] that 



,.4 



(3.7) 



« t L __ tf A//£ 



for any x G A a ■ 

Let T C Irr(A) be a set of irreducible characters of of A and x an- 
other character of A. Denote by l~x the set all irreducible constituents 
of fix where \l 6 T. Also let Irr(x) be the set of all irreducible con- 
stituents of x- 

Lemma 3.8. Suppose A is a semisimple Hopf algebra and L is a 
normal Hopf subalgebra. Suppose that there is a finite group G and 
faithful grading on Rep (A) = © 9G cRep(y4) 9 with the trivial component 
Rep(A)i = Rep(A/ /L). Then for any Xg £ Rep(A)g it follows that 
X g i L = xityrfg where ip g is a A-stable linear character of L. Moreover 



Rep(A) g = Rep(A//L) Xg = Irr(^ fj 

Proof. By Remark [33] it follows that Xg € Rep(^)i = Rep(A//L). 

Then Lemma I27H implies that Xg i L = xityrfg where ip g is a A-stable 
linear character of L. The last equalities follows from Remark 13.61 □ 

3.2. Hopf subalgebras of Drinfeld doubles D(A). If if is a Hopf 
subalgebra of D(A) then 

Rep(iT) C Rep{D{A)*) = Rep{A) H Rep(A*) rcv 

Then Lemma 13.11 implies that any Hopf subalgebra H of D(A) is 
completely determined by four fusion subcategories satisfying the fol- 
lowing properties: 

(3.9) {K}) ad C C 1 C K> C Rep(A) 

(3.10) (/C 2 ) ad C £ 2 C K? C Rep(A*) 
with faithful gradings 



SEMISIMPLE HOPF ALGEBRAS 



(3.11) /C = ® xeX {1C) x 

by a given group X such that JC\ = Li for i = 1, 2. In this situation 

(3.12) Rep(iT) = ©^(/C 1 ),. B ()C%. 

3.3. Kernels of representations of Drinfeld doubles D(A). 

Theorem 3.13. Let M be a D(A)-module with character \. Then 
there is a finite group X and irreducible characters r] x and d x of A and 
A* respectively with rji = e A and d 1 = 1 such that 

keT D ( A)(x) = [J (ker A ,(x l A ,)Vx x ker A (x i A )d x ). 

x£X 

Moreover rff. G ker At (x ^) and d™ G ker A (x | A ) /or some n > 1 and 
all x E X. 

Proof. Since ker (x) is the set of simple objects of a fusion sub- 
category Rep(v4*) rcv M Rep (A) one can apply Lemma 13.11 Note that 
£i(ker } (x)) has as set of simple objects the set ker A „ (x 4- ) and 

£2(ker D(A) (x)) has as set of simple objects the set ker A (% | A ). 
Let L., := A* C A* and L, := A n ,„ C A be the Hopf 

(xi A i ) M A ) 

subalgebras determined by ker A , (x I , ) an d ker A (x i A ) respec- 
tively. Similarly define K A „ as the Hopf subalgebra of A* determined 
by /Ci(ker x) an d K A C A as the Hopf subalgebra of A generated 
by /C 2 (ker x)- Then by Lemma 13.11 one has that (K A ) ad C L A 
and (K A *) ad C L A *. Applying Lemma 13.81 it follows that there are 
irreducible characters Xx and d x of A respectively A* such that 

keT D(A)(x) = \_\(ker A *(xl D A t A) )Vx x ker A (x^ W )4)- 

Remark 13.51 implies that 77™ G ker A „ (x 4 A *) an d ^™ e ker A (x 4a) f° r 
some n > 1. D 

Remark 3.14. 

If 77 cxi d G ker c(A) (x) one can prove something a little stronger than 
r] n G ker A , (x l A *) and rf n G ker A (x 4J- ^^ 

Clearly C,, exi Cd C -D(A) • Then from I3TTU1 above it follows that 
Cd*Cd C L A . Thus for all m G M and x & Cd one has d*xm = 
e(d)e(x)m. Multiplying this equality by 77* and noticing that r]*d* G 
ker c(A) x one obtains: e(d)e(x)(x* rn ) — (x*d*)xm = x(l)c(d)xm. 
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A basis of the simple coalgebra Cd is given by the comatrix entries 
f- with 1 < i, j < e(d). Therefore if x = xf, with i ^ j then xf,r" =- " 



for all m G M. If i = j then the above formula implies that x^m = 
-4^r]*m. This shows that xf^rn does not depend on i. 

Recall that the exponent of A is the smallest positive number n > 
such that hP^ = e(h)l for all h G A. The generalized power h\ n * is 
defined by W 1 * = ^i h \hih2---h n . The exponent of a finite dimensional 
semisimple Hopf algebra is always finite and divides the third power of 
the dimension of A [5] . If h = d one has 

a = / J Xij 1 Xj 1 j 2 ■ ■ ■ Xj n _ 1 i 

and therefore d^ n 'm = YH=l x S- m = ^{d)x 1 l l m. If n is divisible by the 
exponent of A then (xf^rn = m for all m G M. Thus one obtains that 

3.4. Normal Hopf subalgebras of Drinfeld doubles D (A). In this 
subsection we give a description of normal Hopf subalgebras of Drinfeld 
doubles D(A). 

Remark 3.15. 

Suppose that K is a normal Hopf subalgebra of A and let H = Aj jK 
with the natural projection tc k : A — > H . Then H* C A* via it* . Thus 
Remark ll . 1 1 shows that n K \c(A*) is the restriction map of ^-characters 
to H*. This implies that an irreducible character d of A* seats over 
an irreducible character x of H* if and only if m H ,(TT K (d), x) > 0. 
Suppose now that x is an y4*-stable character of H*. In this situation 
we denote by C , , the subcoalgebra of A generated by the set A 

of all characters d G Irr(v4*) that seat over x, i.e with the property 
7i K {d) = e(d)x. Also Remark [3761 shows that the set A x is precisely the 
set of irreducible constituents of A K d for any A*-character d seating 
over x. Here A K G K is the idempotent integral of K. 

Theorem 3.16. Any normal Hopf subalgebra H of D(A) is of the 
following form: 

H = ®xtxC x +A nC -i(i>(x)) 

L l Wl 2 

where Li and L 2 are normal Hopf subalgebras of A, X C G at [L\) is a 
subgroup of A- stable linear characters of L\ andip : X — > G st ((A/ /L 2 )*) 
is a group monomorphism into the group of A* -stable linear characters 

of(A//L 2 )*. 
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Proof. By Theorem 2.4 of [3j any normal Hopf subalgebra H of D(A) 
is the kernel of a character \ of D(A), central in D(A)*. It follows that 
its restrictions to A and A* are also central and therefore A x and A* 
are normal Hopf subalgebras of A respectively A*. Put L 2 = A 

and let L\ be such that A* = (Al /LA*. With the notations from 

ui D A i A) ) K " ' 

previous Theorem suppose that r\ cxi d G {K}) x M {K?) x C ker (x) 
for a given x E. X. 

Since 77™ G Rep(A//Li) Lemma 12.71 applied for rj implies that if 
r] -If — rj(l)f x for some A-stable linear character f x of L\. This shows 
that X can be regarded as a subgroup of G st (Li). By duality, the same 
argument applied for {K?) x gives that d t ... «= e{d)g x for some A*- 
stable linear character of (A/ /L 2 )*. Therefore /f can also be identified 
with a subgroup of G 3t ((A//L 2 )*). Using these identifications one can 
define now the map 4>{fx) — 9x for all x G X. By Equation 13.111 this 
is a group monomorphism from X to G st ((A/ /L 2 )*) and the proof is 
finished. □ 

Corollary 3.17. With the notations from Theorem \3.16M t follows that 

Rep(iT) c Rep(A//L 1 ) co KRep(L;) co 

Remark 3.18. 

Given a datum L\, L 2 X and ip as in the above Theorem it does 
not necessarily follows that H is a normal Hopf subalgebra of D(A). 
Compatibility conditions between Li, L 2 and ip should be imposed in 
order to get a normal Hopf subalgebra. We will see in Theorem 13.201 
that such a necessary condition is that L\ and L 2 commute element- 
wise. In the case of the Drinfeld double of a group G we will give 
in Theorem 15.31 the necessary and sufficient conditions that has to be 
satisfied by this datum in order to get a normal Hopf subalgebra of 
D(G). 

Remark 3.19. Let K be a Hopf subalgebra of A and A^ be its idem- 
potent integral. Then it is well known (see [3J for example) that the in- 
duced module A®xk is isomorphic to AAk via the map a®_ft-l i— y ahx- 

3.5. Commutativity between L\ and L 2 . 

Theorem 3.20. Suppose that K := (A//Li)* ix L 2 is a normal Hopf 
subalgebra of D(A). Then L\ and L 2 commute elementwise. 

Proof. One has by [3] that K is a normal Hopf subalgebra of D(A) if 
and only if K = ker (e K ^ K ). This is equivalent to L 2 = K fl A C 
ker D(A) (e K f K {A) ) and (A//L,)* = K n A* C ker D{A) (e K f K {A) ). 
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Note that k \ K = D(A) (S>(a//Li)*ml 2 k. Thus if K is a normal Hopf 
subalgebra of D(A) then m((/ X 6) ®k 1) = e(m)((/ ix 6) ®k 1) for 
all m E L 2 and any / G A*, 6 G i. But if m G L2 then one has 

m((/Nft)%l) = ((/lNAW^M^ 1 ) 

= ((/i(5m 3 )/ 3 (mi)/2 x bx(Sb 2 m 2 h) ® K 1) 

= ((fi(Sm 3 )f 3 (m 1 )f2 x 61) Oa- (56 2 m 2 6 3 )l) 

= (/i(Sm 2 )/ 3 N/2N6)fel) 

This implies that (fi(Sm 2 )f 3 (mi)f 2 x 6) (8)^-1) = e(m)((f x 6)0x1) 
and previous Remark gives that 

(3.21) 
{h{Sm 2 )fz{m 1 )f 2 x b)(t A // Ll x A L2 ) = e(m)((/ x b){t A//Ll x A La ) 

for all / G A* and ft £ A. Put 6=1 and apply id ® e in the 
previous equality Then one obtains that {fi{Sm 2 )f 3 {mx)f 2 tA//L 1 = 
e(m)ftA//L 1 - Evaluating both sides at any I E L\ it follows that 
Sm 2 lm\ = e(l)m which shows that Zm = mi. Thus L\ and L2 commute 
elementwise. □ 

Remark 3.22. 

The proof of the previous Theorem shows that the Equation 13.211 
is necessary in order for K to be a normal Hopf subalgebra of D(A). 
Writing a similar condition for (A//L1)* = K(~)A* C ker D(A) (e K 1v ) 
it follows that both conditions together are necessary and sufficient for 
K to be a normal Hopf subalgebra of D(A). 

At the end of this section we give two general examples of normal 
Hopf subalgebras of D (A) of the type described in the previous Theo- 
rem. 

Proposition 3.23. Let A be a semisimple Hopf algebra and K(A) 
its maximal central Hopf subalgebra. Then K(A) is a normal Hopf 
subalgebra of D(A). 

Proof. If x G K(A) then aixS(a 2 ) = e(a)x for all a G A since x is 
central in A. On the other hand all h G A and /gA* one has 

(<, h > (SidX/axStfi)) = (<> h > ®id)(/ 2 (xi -» S/i <- & 3 )mx 2 ) 

= [f2{xi-^3fi^Sx 3 )](h)x2 

= f2(hi)fi(S(xi)S(h 2 )x 3 )x 2 

= f{S{xi)S{h 2 )x 3 h l )x 2 

= e(h)f(S(x 1 )x 3 )x 2 
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since x G K(A). This shows that 

(3.24) f 2 xS(f 1 ) = e ex f(S(x 1 )x 3 )x 2 G K(A). 

Thus K(A) is closed under the adjoint action of D(A). D 

Note that this Hopf subalgebra corresponds to L\ = A, L2 = K(A) 
with X and ^ trivial. 

Proposition 3.25. Let A be a semisimple Hopf algebra. Then 
(A//K(A))* ex A is a normal Hopf subalgebra of D(A). 

Proof. Note that 

(A//K(A))* = {feA* I f(ax) = e(x)f(a)} 

for all a G A and x G if(-A). 

Since K(A) C Z(A) it follows that (6 -^ / <<- c) G (A//K(A))* for 
all / G (A//K(A))*. Indeed (b ^ f ^ c){ax) = f{caxb) = f(cabx) = 
e(x)f(cab) = {b — *• / ■<— c)(a)e(x). Thus a.(/ 1x1 6) = ai(/ ex &)Sa 2 = 
ai -^ / ^ <Sa 3 ixi a 2 6Sa 4 G (A//K)* ex A if / ex b G (A//K)* ex A. 
This shows that (A/ /K)* M A is closed under the adjoint action of 
D(A) by elements of A. 

In order to show that (A//K)* ex A is also closed under the adjoint 
action of D(A) by elements of A* note that 

g.(f ex 6) = g 2 (f ex b)Sg 1 = g 2 f(Sb 1 ->> Sfa) *- b 3 ) ex b 2 . 

Then it is enough to check that if / G (A//K)* then g 2 f(b — ^ S^i) J — 
c) G (A//K)* for all jGA*. Indeed, for all a G A and 1 G K(A) one 
has 

[g 2 f(b - 1 5^i ^- c)](aa:) = ^fai^O/C^^"^^^^ 

= g 2 (a 1 x 1 )f(a 2 )Sg 1 (ca 3 x 2 b) 

= g(SbSx 2 Sa 3 ScaiXi)f(a 2 ) 

= g(SbSa 3 ScSai)f(a 2 )e(x) 

= [g 2 f(b -»> S^i ^- c)](a)e(x) 

a 

Note that this Hopf subalgebra corresponds to L\ = K(A), L 2 = A 
with X and ^ trivial. 

4. Representations of -D(G) and central characters 

4.1. The Drinfeld double D(G). Let £>(G) be the Drinfeld double 
of G. As a coalgebra D(G) = kG* cop ® A;G and the multiplication is 
given by 

(Px CO ^)(Pj/ eX /l) = PxPgyg-l CX #/l = S Xt g yg -ip x CX #/i. 
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The antipode is given by the formula S{p x txi g) — g~ x p x -i = Vg- 1 x- 1 g 9 1 - 
A vector space basis for D(G) is given by {p x ex y} x yeG where {p x } x <=G 
is the dual basis of the basis of kG given by the group elements. 

4.2. Irreducible representations of D(G). Let 1Z be a set of repre- 
sentatives of conjugacy classes of G. The irreducible representations of 
D{G) are parameterized by pairs (a, 7) where a &1Z and 7 G Irr(CG<(a)) 
is an irreducible character of the the centralizer Cc{a) of a in G. Their 

characters are denoted by (a, 7) respectively. 

4.3. Few results on group representations. In this subsection we 
give some results on group representations that are needed in the next 
sections. Let H be a subgroup of G. Define by core G (H) the largest 
normal subgroup of G contained in H. Then core G (H) = Hg^agHg -1 . 
Let N be a normal subgroup of G. Then G acts on the irreducible 
characters of N. 

Let a be an irreducible character of N and x be an irreducible char- 
acter of G The set of characters lying over a given a is denoted by 
Irr(G)| Q . 

Lemma 4.1. Let N be a normal subgroup of G and a G Irr(TV). Then 
the induced character a t vanishes outside N . If a is a G-stable 
character of N then a 7 (g) = -h^a(g) for all g e N 

Proof. Denote by M a the representation afforded by a. Let G = 
\J s i=1 XiN a coset decomposition of G Then g(xi ®n to) = Xj ®at 
[x^ x gxi).m where j is chosen such that gXiN = XjN. Thus if g ^ TV 

then i j^ j and a | (g) — 0. On the other hand if g G N then 

a tjv (fi 1 ) = Z/i=i a { x ^ l 9 x i)- But if a is G-stable then a(x~ 1 gx i ) = a(g) 
for all i and the formula follows. □ 

Let a G G and denote Cg(°) := core G (Cc(a)) the core of the cen- 
tralizer Cc{a). 

For any a G G let AT(a) be the smallest subgroup of G containing a. 
It is easy to see that N(a) is generated by the conjugacy class of a. 

Lemma 4.2. If a G G then N(a) and Cc(a) form a pair of commuting 
groups. 

Proof. One has C G (a) = n 9GG 5fC G (a)5(~ 1 = n ?eG C G (5fa5f~ 1 ). Since 
N(a) is generated by the conjugacy class of a it is enough to verify 
that any element of this conjugacy class commutes with each element 
of Cg(o). Let z G Cq{o) and g G G be fixed. Then there is z' G Cg{o) 
such that z = gz'g~ l and therefore z(gag~ x ) = (gz'g^ 1 )(gag^ 1 ) = 
gz'ag^ 1 = gaz'g~ l = (gag~ l )z. □ 



X 
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4.4. Kernels in kG*. In this subsection we apply the previous con- 
structions of ker A x an d z A x for A = kG*. Note that in this case 
Iti(A) = G. 

Let x £ Irr(G). It follows that h G ker fcG x if an d only if N(h) C 
ker fcG X- 
Lemma 4.3. For any h G G one has 

kG* h = k[G/N{h)]\ 

Proof. By its definition kG*h is determined by all the characters x *= 
Irr(G) such that xQ 1 ) = xiX)- These are precisely the characters of 
G/N{h). D 

Lemma 4.4. For any h G G one has 

Z kGt h = k[G/[G,N(h)}}*. 

Proof. By its definition Z^ is generated by the set of irreducible char- 
acters x °f G with the property that x(h) = w x(l) fo r some root of 
unity uj. Since N(h) is generated by the conjugacy class of h it follows 
that every element of N(h) acts as a scalar on the representation M 
afforded by x- Then if n G N(h) and g G G it follows that gng^ 1 n^ 1 
acts as identity on M x . Thus x £ Irr(G/[G, iV(/i)]). Conversely for 
any x £ Irr(G/[G, iV(/i)]) one has that left multiplication by any 
n G iV(/i) is a morphism of fcG modules and Schur's lemma implies the 
conclusion. □ 

Lemma 4.5. Let h G G and x £ ^ fcG * 7i ™^ x(h) = w x(l) W#i oj E k* . 
Then all irreducible characters of G which satisfy fi(h) = oofi(l) are 
constituents ofx^ N(h) t where c N(h) is the trivial character of N(h). 

Proof. If n(h) = w/i(l) then h G kerfix*- Since N(h) is a normal 
subgroup it easily follows (see for example Theorem 4.3 of [2]) that 

G G 

HX* has all the constituents inside e t N(h) - Thus main, x e t mw ) = 
m G (/xx*, et° (h) ) >0. D 

4.5. Central characters in D(G). 

Lemma 4.6. Let c = YlheGXh tA h be a character of D(G)* with 
Xh £ C{G). Then c is central in D{G) if and only if Xghg- 1 = Xh an d 
Xh vanishes on G\Ca(h). 

Proof. The character c is central if and only it is invariant under the 
adjoint action of D(G) on itself. Thus c is central if and only if gcg^ 1 = 
g for all g G G and p x .c = b~ x \C for all x G G. The first condition is 
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equivalent to Xghg- 1 — Xh for all g G G. For the second condition one 
has 



Px-C = 2_^ PvCPu- 1 



uv=x 

EE 

h£G uv=x 



Pv(Xh cxi h)p u - 



= Z^/_^ (PvXhPhu-ih-i txi h) 

heG uv=x 

= XI S Phu-^h-^Xh t*] ^ 

Suppose that c is central. Then p x .c = 5 X) iC if and only if 



E 

{m| uhuh 1 =x} 



Phu-^h-^Xh = Sx,lXh 



for all h E G. If a; = 1 this means precisely that x/j is zero outside 
Cc{h). The converse is immediate. □ 

For a conjugacy class C of G let p c = YlxecP* an< ^ ^c = XLec^- 
The elements p c form a basis for the character ring C(G) of G and z c 
form a basis for the center Z{kG). For a character x °f a group G and 
a conjugacy class C of G denote by x c the value of x on the conjugacy 
class C. Thus x — Ylc^-cPc- 

Remark 4.7. Let H be a subgroup of G. A character x E C(G) 
vanishes outside H if and only if it vanishes outside core G (H) . 

Theorem 4.8. A basis for Z(D(G)) D C(D(G)*) is given by the ele- 
ments p v cxi z c where V and C run through all conjugacy classes of G 
that centralize each other element-wise. 

Proof. Let a G C. Then Cq{cl) = ^g^GgCc^g' 1 = ^ x &cCg{x)- Thus 
a conjugacy class T> centralize each element of another conjugacy class 
C if and only if T> is contained in Cq{o). In this case the above remark 
implies p v vanishes outside the centralizer of each element of C. The 
previous lemma implies that p v ix z c is central in D(G). The same 
lemma also implies that any central character is a linear combination 
of such characters. □ 

5. Normal Hopf subalgebras of Drinfeld doubles D(G) 

For a subgroup N of G define Ca{N) := fl nG ArCG'(n) to be the sub- 
group of the elements of G that commute with each element of N. If N 
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is a normal subgroup of G let G st (N) be the group of linear characters 
of N that are stable under the action of G induced by the conjugation 
on N. 

It is not difficult to check the following result: 

Lemma 5.1. Let N be a normal subgroup of G and x,x' G G st (N). 
Then 

TG I ,G Lt, ., , G 

N X t N =J^(xx)t N - 

If x is a character of N denote by C .a the subcoalgebra of kG* 

generated by x |" . Also if N is a normal subgroup of G with it n : G — > 
G/N the natural group projection and g G G denote by C _ t the 



"N 



(9) 



vector space with a basis given by the elements gn with n G N. 

5.1. Hopf subalgebras of D(G). Let iV and M be normal subgroups 
of G, X C G st (N) and ip : X — > G/M a monomorphism of groups. 
Let D(N, M, X, if)) be the subcoalgebra of D{G) given by: 

D(N } M,X^):=® x ^C xt a^C^_ lmx)y 

Theorem 5.2. Any Hopf subalgebra of D{G) is of the type D(N, M, X, ip) 
for a given datum as above. 

Proof. Since x is G-stable by Frobenius reciprocity it follows that x t = 
z2 x eA x XWX an d therefore dim fc C^g = Ut. Then dim k D(N, M, X, ip) = 
m $l m . Let ^o(x) e G such that ^(a;) = ^ (a:)M for all x G M. 
Since ^ is a group morphism it follows that (iJjo(x)Am){'4 , o(x')Am) = 
i/j (xx')Am for all x,x' G M. Here A M = pgr J2 me M m - Let 

One has 
Ad^m,^) = ( 1 JJ| M i ) 2 Yl x ^l x ' t! M Mx)AmMx')Am 



\N\ 



Y ( XX ') t°»<l ^o(^') A M 



by the above lemma. This shows that D(N, M, X, ip) is a Hopf subal- 
gebra of D{G). 

In order to see that any Hopf subalgebra H of D(G) is of this type one 
has to apply the results from subsection 13.21 to the case A = kG. Note 
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that in this case one can write C 1 = Rep(G/Li) and /C 1 = Rep(G / K{) 
for some normal subgroups L\ and K\ of G. Condition 13.91 translates 
by K x C L x C Z G (K X ) where Z G {K X ) is defined by Z G [K x )jK x = 
Z{G/K\). On the other hand one can write C 2 = R,ep(kL 2 ) and /C 2 = 
Rep(kK 2 ) for some subgroups L 2 and K 2 of G. Then condition 13.101 is 
satisfied if L 2 is a normal subgroup of K 2 . Clearly the second grading 
(i = 2) of 13.111 implies that L 2 is a normal subgroup of i^2 arid X = 
K 2 /L 2 . In this case the grading becomes K 2 = U x€ k 2 /l 2 x L2- Applying 
Lemma [3T81 to the first grading of 13. Ill (i = 1) it follows that )C X is given 
by all the characters of G that seat over a G-stable linear character ip x 
of L\. Thus X can also be identified with a subgroup of G st {L\) by 
x \-¥ if) x . Thus formula 13. 121 implies that H = D(Li, L 2 , X, ip) where ip 
sends if) x to the class of x modulo K 2 based on the two identifications 
of X. ' □ 

5.2. Normal Hopf subalgebras of D(G). 

Theorem 5.3. A Hopf subalgebra D(N,M,X,ip) of D(G) is normal 
if and only if>(X) C C G (N)/M n Z(G/M) and [N, M] = 1. 

Proof. In order to see when D(N, M, X, ip) is a normal Hopf subalgebra 
of D{G) it is enough [H] to see when its integral A D ( NjM< x,<p) is central 
in D(G). In order to do this one needs to verify the conditions from 
Lemma 14.61 

First note that i()o(x)m ^ ipo(y)m' for x ^ y and for any m,m' e M 
since ip is a monomorphism. The equality of characters Xghg- 1 — Xh 
from Lemma [4.61 is satisfied if and only if gijj (x)Mg~ 1 = tp (x)M for 
all g G G This is equivalent to the fact that ip(x) G Z{G/M). On the 
other hand for the second condition note by that Lemma 14.11 x t is 
zero outside N and does not vanishes on any element of N. Thus the 
second condition of Lemma 14.61 is equivalent to N C C G (ipo(x)m) or 
i){x) G C G (N)/M. ' □ 

5.3. Kernels of irreducible characters of D(G). Since D(G) = 
kG* cop cxi kG the dual Hopf algebra D(G)* can be identified with 
kG* ® fcG op via < /(g) /, p x . cxi g >=< /, p >< p x , / > for any 
g, x,l G G and / G fcG*. For a subgroup H of G denote by [G/H)i a 
set of representatives for the left cosets of H in G. 

Lemma 5.4. For a representation (a, 7) of D(G) one has 



(«,7)= 5^ J] 7 ^ p . 

^(G/Ccta)), z ec G (a) 



„„ g -l ®^5 x . 
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Proof. It is enough to show that 

(5.5) (a,^)(p x txl) = 1 (g- 1 lg) 

if there is g £ G such that x = gag^ 1 and g~ x lg £ Cq[o) and zero 
otherwise. 

The representation corresponding to (a, 7) is given by kG®kc G (a) -^7 
where M 7 is the module affording the character 7. The action of kG* 
is givenby p x (g® k c G {a)m) = S x>gag -i(g® k c G ( a )m) and the action of kG 
is the action of induced module. Using Lemma 14.11 a straightforward 
computation implies formula 15.51 □ 

Proposition 5.6. Let M be subgroups of G, 7 a character of M and 
a £ G. Then the set S of pairs (x,l) £ Z kG ,a x core G M such that 

q{ = ( 7 (i) ) l f or all g & G is of the form 

s 

<S = [_|(Irr(G)| /(5 x/*core G (ker M ( 7 ))) 

for some G- stable character f Q ofN(a) of order s and some Iq £ Z c 7 
such that Zq £ core G (ker M (7)). 

Proof. Let 

v( a ) 
if := {u |there is (%, I) & S with o; = — -— ■ for some (x, /) £ 5} 

Aa-v 

It can be checked that if is a subgroup of k*. Since k is algebraically 
closed and H is finite it follows that H is a cyclic group. Therefore 
if = {l,o;, • ■ -uj s ~ 1 } for some root of unity u of order s. Let xo and 

l such that ( X o,lo) e S and gf} = u = (^^fgf 1 )" 1 for all g £ G. 

Then % 4- = Xo(l)/o f° r some f £ G at (N(a)) of order s. Also note 

jV (a) 

that g>o *= core G(^ er A/ 7)- Lemma 14.51 implies the conclusion of the 
Proposition. □ 

Theorem 5.7. Let a £ 1Z and 7 £ \tt{Cg{q)) ■ Then the Hopf subalge- 
bra -D( a , 7) := D(G). — c is a normal Hopf subalgebra of ' D(G). Moreover 
with the above notations one has 

£>(a, 7 ) = £) ( Ar («) ) core G (ker CG(a) (7)),< /„ >,ip) 

for some G-stable linear character /o of N(a) and some monomorphism 
ii:<f>-+ Z(G/core G (ker GG(a) 7)) H C G (Ar(a))/(ker OG(o) ( 7 )). 
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Proof. First we will describe ker(a, 7). An irreducible character of 
D(G)* is given by % cxi Z with x £ Irr(G) and I E G. It follows 

that x^l € ker (a, 7) if and only if 

M(x«0 = x(i)7(i)^. 

It follows from Lemma 15.41 that 



(a, 7) (x i*0 =x(a)7( $^ 9^9)- 

{ge(G/C G (a))i \l£gC G {a)g-^} 

Since the above the sum has , c ; } -,, terms and one has \x{h)\ < x(l) 
and |7(g _1 Zg)| < 7(1) we deduce that the above equality is satisfied if 
and only if there is a root of unity uj E k* such that x( a ) = w x(l) an d 
/ E core G (Z . .7) with the property that 7(g~ 1 /g) = uj~ 1 ^{1) for all 
g E G. By Proposition 15.61 it follows that there is /o a G-stable linear 
character of N(a) and Iq E G such that 

s 

ker D (G) ( a '7) = U^^l/o X / o core G ( ker c G (a ) 7)) 

Thus one can take X to be the group generated by f and define ip 
by sending /q to the class of ^ modulo core G (ker c 7 ), for all 1 < 
i < s — 1. Note that [N(a), Cg(cl)} = 1 by Lemma fl~2l It can be 
easily checked that the map ip satisfies the additional hypothesis from 
Theorem 15.31 □ 

The description of the kernels from the previous theorem implies the 
following corollary: 

Corollary 5.8. With the above notations one has 

-D(i,7) = kG* ix ker G 7 
Proposition 5.9. If (a, 7) is a representation of D(G) then 
Z D(G) {^1) = k[G/[G,N(a)]]* m core G (Z CG(a)7 ) 

Proof. The proof is similar to the proof of Theorem 15.71 Lemma 14.41 is 
needed in order to compute Z kQt a. □ 

5.4. Fusion subcategories of Rep(D(G)). Let Dbea fusion subcat- 
egory of C. Following [TJ2] T> is completely determined by two canoni- 
cal normal subgroups K v and H v of G and a G-invariant bicharacter 
B v : K v x H v — y k*. The subgroups K v and H v are defined as follows: 

K v := {gag 1 \g E G and (0,7) E V for some 7} 
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and H v is the normal subgroup of G such that VnRep(G) = Rep(G/H T) ) 
Note that K v is the fusion subcategory of kG* determined by restrict- 
ing all simple objects of T> to kG*. 
The bicharacter 



is defined by 



B v :K v xH v -> k* 



B v{g -^h):- l{9hg ' 1] 



7(1) 
if (a, 7) G V. This is well defined and does not depend on 7 by 

Recall that a bicharacter is called G-invariant if and only if 
B(xkx~ 1 , h) = B(k, h) and B(k, xhx~ l ) = B(k, h) for all x G G, k G K 
and h G H. 

Conversely, any two normal subgroups K and H of G that centralize 
each other element-wise together with a G-invariant bicharacter B : 
K x H — >• k* give rise to a fusion category denoted by S(K, H, B) 
in [T5]. It is defined as the full abelian subcategory of Rep (D(G)) 
generated by the objects (a, 7) such that a G KfllZ and 7 G Irr(Cc(a)) 
such that 7(/i) = B(a, /i)7(l) for all h E H. 

5.5. Normal fusion subcategories of Rep(-D(G)). In this section we 
will identify all the normal fusion subcategories S(K, H, B) of Rep(.D(G)). 

Remark 5.10. Let B be a normal Hopf subalgebra of a semisimple 
Hopf algebra A and a E A. Then a(A//B) 7^ if and only if ah B 7^ 0. 

Theorem 5.11. Using the notations from Theorem \5.3\ the fusion sub- 
category Rep(D(G)//D(N, M, X, if;)) can be identified with S{K, H, B) 
where K := N , H :=< ipo(x),M \x E X > and B : K x H -> k* is 
given by B(n,ipo{ x ) m ) — x(n) -1 . 

Proof. Let V := Rep{D(G)/ /D(N, M, X, %j))). For the subgroup H v 
one has to look at Rep(D{G)//D{N, M, X, if,)) n Rep(JfcG). Thus 

H v = n (x6lrr(G) |(l, x ) 6 ©}kBT X- 

Since -D(i, x ) = kG* M ker G x it follows that £>(i, x ) D D(N,M,X,i/;) 
if and only if ker G x D< if)(x),m \x E X, m E M >. Thus if B =< 
if)(x),m \x E /f, m G M >. The subgroup i^ B is generated by all 
x E G such that p x (D(G)//D{N, M, X,ip)) ^ 0. The above remark 
implies that K v is given by those x E G such that p x -^-D(N,M,x,ip) 7^ 0. 
Formula for Ad(n,m,x,^) from Theorem I5.2I shows that x G K v if and 
only if (/' f )(x) 7^ for some i. Lemma l4.ll shows that K v C AT. 
Since / is linear it follows that K v = N. 

In order to describe the bicharacter B suppose that 
(a, 7) G Bjep(D{G)//D{N,M,X,i/>)). Then £> (o>7) D D(JV, M, X, iff). 



22 SEBASTIAN BURCIU 

Thus using again Lemma [4.11 and Remark 13.61 one has B{gag^ 1 ^h) = 

|AT| 

Theorem 5.12. A category S(K,H,B) is normal if and only if 

B(gag~\ h) = B(a, h) = B(a, yhy' 1 ) 

for all a,x,y,h G G. In these conditions 

S(K, H, B) = Rep(D(G)//D(K, K L , X, $)) 

where X = {£(-, h) \h G H} and i/j : X -> Z{G/K r ) n C G {K)/K L 
is given by ip(x) = h for any h G H with x = B(—, h). 

Proof. It can easily be checked that X is a group of G-stable linear 
characters of K and that ip takes values in Z(G/K ) fl Ca{K)/K ± - 
The rest of the theorem follows from Theorem 15.111 □ 
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